On conformal invariance of isotropic geodesics by Akivis, Maks A. & Goldberg, Vladislav V.
ar
X
iv
:m
at
h/
98
07
08
7v
1 
 [m
ath
.D
G]
  1
6 J
ul 
19
98
ON CONFORMAL INVARIANCE
OF ISOTROPIC GEODESICS
M.A. Akivis and V.V. Goldberg
Abstract
We consider real isotropic geodesics on manifolds endowed with a pseu-
doconformal structure and their applications to the theory of lightlike hy-
persurfaces on such manifolds, to the geometry of four-dimensional con-
formal structures of Lorentzian type, and to a classification of the Einstein
spaces.
0. Introduction. It is well-known that geodesics on a Riemannian or
pseudo-Riemannian manifold are not invariant with respect to conformal trans-
formations of a Riemannian metric. However, in many problems of geometry
and physics connected with the theory of pseudo-Riemannian manifolds, the
isotropic geodesics (i.e., geodesics that are tangent to isotropic cones at each of
their points) arise.
In the present paper we prove that the isotropic geodesics are invariant with
respect to conformal transformations of a pseudo-Riemannian metric. This is a
reason that it is appropriate to consider the isotropic geodesics on a manifold
endowed with a pseudoconformal structure.
The isotropic geodesics arise naturally when one studies lightlike hypersur-
faces that are also conformally invariant. We prove that such hypersurfaces
possess a foliation formed by isotropic geodesics. In another terminology this
fact is given in [DB 96]. We also consider the isotropic geodesics on manifolds
endowed with a pseudoconformal structure of signature (1, 3) and apply the ob-
tained results to a classification of the Einstein spaces. Note that the geometry
of the conformal structures of signature (1, 3) was also considered in the recent
paper [AZ 95].
1. Preliminaries. Let V nq = (M, g) be a pseudo-Riemannian manifold of
signature (p, q), where p+ q = n = dimM and 0 < q < n.
We associate with any point x ∈ M its tangent space Tx(M), and define
the frame bundle whose base is the manifold M and the fibers are the families
of vectorial frames {e1, . . . , en} in Tx(M) defined up to a transformation of the
general linear group GL(n). Let us denote by {ω1, . . . , ωn} the co-frame dual
to the frame {e1, . . . , en}:
ωi(ej) = δ
i
j , i, j = 1, . . . , n.
Then an arbitrary vector ξ ∈ Tx(M) can be written as
ξ = ωi(ξ)ei.
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The forms ωi can be considered as differential forms on the manifold M if we
assume that ξ = dx is the differential of the point x ∈M . Thus the form g can
be written as
g = gijω
iωj. (1)
The equation
gijω
iωj = 0 (2)
defines the foliation of isotropic cones Cx of the manifold M .
It is well-known that on the manifold M an invariant torsion-free affine
connection γ is defined by means of the basis forms ωi and connection forms ωij
satisfying the following structure equations:
dωi = ωj ∧ ωij, dωij = ωkj ∧ ωik +Rijklωk ∧ ωl, (3)
where Rijkl is the curvature tensor of the connection γ (see, for example, [C 28]).
This invariant torsion-free affine connection γ is called the Levi-Civita connec-
tion if it satisfies the equation
∇gij := dgij − gkjωki − gikωkj = 0. (4)
The operator∇ is called the operator of covariant differentiation with respect to
this connection. The Levi-Civita connection is uniquely determined on (M, g).
Consider a conformal transformation of a pseudo-Riemannian metric, that
is, consider another pseudo-Riemannian metric
g = σg = σgijω
iωj, (5)
where σ = σ(x) is a function of a point x ∈M and σ(x) > 0. The metric tensor
of this new metric g has the form
gij = σgij . (6)
We assume that the basis forms ωi are not changed.
Denote by γ the Levi-Civita connection defined by the metric g and by ∇
the operator of covariant differentiation with respect to the connection γ. Then
∇gij = 0. (7)
It is easy to prove that the connection forms ωij of the new connection γ are
expressed in terms of the connection forms ωij of the connection γ as follows:
ωij = ω
i
j +
1
2
(δijσkω
k + σjω
i − σiωj), (8)
where the quantities σk are defined by the equation
d log σ = σkω
k (9)
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and
ωj = gjkω
k, σj = gjkσk. (10)
2. Existence of isotropic geodesics. Consider geodesics on a pseudo-
Riemannian manifold M . By means of the basis forms ωi and connection forms
ωij the equations of geodesics on M can be written in the form
dωi + ωjωij = αω
i, (11)
where α is a 1-form, and d is the symbol of ordinary (not exterior) differentiation.
An isotropic geodesic on the manifold M is a geodesic that is tangent to the
isotropic cone Cx at each of its points x. In addition to equations (10), such
geodesics also satisfy equation (2) of the isotropic cone Cx.
We will now prove the following result which confirms the existence of
isotropic geodesics:
Theorem 1 If a geodesic of the manifold M is tangent to the isotropic cone
at one of its points x0, then this curve is tangent to the isotropic cones at any
other of its points x; that is, this curve is an isotropic geodesic.
Proof. The geodesic x = x(t) in question is uniquely defined by the system
of differential equations (11) and initial conditions x(t0) = x0 and
dx
dt
|t=t0 = a0.
Since by hypothesis the geodesic is tangent to the isotropic cone at the point
x0, we have
g0ija
i
0a
j
0 = 0,
where by g0ij we denote the values of the components of the metric tensor gij at
the point x0. The last condition can be rewritten in the form
(gijω
iωj)|x=x0 = 0, (12)
since we have ωi = aidt along the curve x = x(t).
Differentiating the left-hand side of equation (2) and taking into account
equations (4) and (11), we find that
d(gijω
iωj) = 2αgijω
iωj,
where the differentiation is carried out along the curve x = x(t). Along this
curve, the 1-form α is a total differential and can be written in the form α = dϕ,
where ϕ = ϕ(t). Thus the last equation can be written in the form
d(gijω
iωj) = 2dϕ · gijωiωj.
Integrating this equation, we find that
gijω
iωj = Ce2ϕ.
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But since for t = t0 condition (12) holds, we find that C = 0 and that
gijω
iωj = 0
everywhere along the curve x = x(t), so this curve is an isotropic geodesic.
It follows from Theorem 1 that in the pseudo-Riemannian manifold V nq ,
q > 0, through any point x and along any isotropic direction emanating from
this point, there passes one and only one isotropic geodesic.
Note that the usual model of space-time in general relativity is a four-
dimensional pseudo-Riemannian manifold with signature (1, 3) (Lorentzian sig-
nature) (e.g., see [Ch 83], Ch. 2, §11). Isotropic geodesics of this manifold
are curves of propagation of light impulses. Hence they are important in this
theory.
3. Conformal invariance of isotropic geodesics. On the manifold
V nq = (M, g) the equations of geodesic lines has the form
dωi + ωjωji = αω
i. (13)
Substituting the values (8) of the forms ωij into equations (13), we obtain the
equations of geodesics in the connection g in the form
dωi + ωjωji −
1
2
σigjkω
jωk = (α− d log σ)ωi. (14)
Comparing equations (11) and (14), we see that in the general case, under
conformal transformation of a pseudo-Riemannian metric, geodesics do not re-
main invariant. The reason for this is the third term on the left-hand side of
equation (14) containing σi. However, there are two cases where equation (14)
defines the same curves as equation (11). First of all, this happens if σi = 0,
that is, if σ = const. In this case equation (14) coincides with equation (11)
with α = α, and all geodesics are transformed into geodesics. But this case is
not so interesting, since the conformal transformation has a very special form
if σ = const. Second, equation (14) defines the same curves as equation (11) if
gjkω
jωk = 0, that is, if the geodesic is isotropic. In this case equations (14) and
(11) coincide if α = α+ d log σ. Thus we have proved the following result:
Theorem 2 Under the general conformal transformation of a pseudo-Riemannian
metric on a manifold M , isotropic geodesics and only such geodesics remain in-
variant.
4. The conformal structure CO(n− 1, 1) The conformal structure
CO(n− 1, 1) on a manifold M of dimension n is a set of conformally equivalent
pseudo-Riemannian metrics with the same signature (n−1, 1). Such a structure
is called conformally Lorentzian.
A metric g can be given on M by means of a nondegenerate quadratic form
g = gijdu
iduj,
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where ui, i = 1, . . . , n, are curvilinear coordinates on M , and gij are the com-
ponents of the metric tensor g.
A pseudoconformal structure on a manifoldM is the collection of all pseudo-
Riemannian metrics obtained from a fixed pseudo-Riemannian metric by con-
formal transformations. In other words, we can say that a conformal structure
on a manifold M is defined by means of a relatively invariant quadratic form
g = gijdu
iduj.
The equation g = 0 defines in the tangent space Tx(M) a cone Cx of second
order called the isotropic cone. Thus the conformal structure CO(n− 1, 1) can
be given on the manifold M by a field of cones of second order.
The cone Cx ⊂ Tx(M) remains invariant under transformations of the group
G = SO(n− 1, 1)×H,
where SO(n−1, 1) is the special n-dimensional pseudoorthogonal group of signa-
ture (n− 1, 1) (the connected component of the unity of the pseudoorthogonal
group O(n − 1, 1)), and H is the group of homotheties. Thus the conformal
structure CO(n−1, 1) is a G-structure defined on the manifold M by the group
G indicated above. For the conformal structure CO(n− 1, 1) the isotropic cone
is real.
As in Section 1, we associate with any point x ∈M its tangent space Tx(M),
and define the frame bundle whose base is the manifold M and the fibers are
the families of vectorial frames {e1, . . . , en} in Tx(M). If {ω1, . . . , ωn} is the
co-frame dual to the frame {e1, . . . , en}, then the form g can be written as
g = gijω
iωj (15)
(see Section 1).
The structure equations of the CO(n− 1, 1)-structure can be reduced to the
following form (see [AG 96], Section 4.1):
dωi = θ ∧ ωi + ωj ∧ θij , (16)
dθ = ωi ∧ θi, (17)
dθij = θj ∧ ωi + θkj ∧ θik + gjkωk ∧ gilθl + Cijklωk ∧ ωl, (18)
dθi = θi ∧ θ + θji ∧ θj + Cijkωj ∧ ωk. (19)
and the metric tensor gij satisfies the equations
dgij − gikθkj − gkjθki = 0. (20)
Note that in equations (16)–(20) the forms ωi are defined in a first-order frame
bundle, the 1-forms θij and a scalar 1-form θ in a second-order frame bundle,
and a covector form θi in the third-order frame bundle.
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For Cijkl = Cijk = 0, equations (16)–(20) coincide with the structure equa-
tions of the pseudoconformal space Cn1 . For this reason the object {Cijkl, Cijk}
is called the curvature object of the conformal structure CO(n − 1, 1).
The quantities Cijkl form a (1, 3)-tensor which is called the Weyl tensor or
the tensor of conformal curvature of the structure CO(n − 1, 1).
The quantities Cijkl and Cijk, occurring in equations (18) and (19), satisfy
the conditions:
Cijkl = −Cijlk, Cijk = −Cikj , Cijki = 0. (21)
These quantities and the tensor gij also satisfy some algebraic and differential
equations (see [AG 96], Section 4.1).
5. Isotropic geodesics on lightlike hypersurfaces of a manifold
M endowed with CO(n−1, 1)-structure. A lightlike hypersurface V n−1
on a manifold M of dimension n endowed with a CO(n − 1, 1)-structure of
Lorentzian signature (n−1, 1) is a hypersurface which is tangent to the isotropic
cone Cx at each point x ∈ V n−1.
Let Tx(V
n−1) be the tangent subspace to V n−1. In Tx(M) we choose a
vectorial frame {e1, . . . , en} in such a way that its vector e1 has the direction
of the generator of the isotropic cone Cx along which the subspace Tx(V
n−1) is
tangent to Cx; the vector en also has a direction of a generator of the cone Cx
that does not belong to the subspace Tx(V
n−1), and we locate the vectors ea in
the (n− 2)-dimensional subspace of intersection of Tx(V n−1) and the subspace
tangent to Cx along en. Then
(e1, e1) = (en, en) = 0, (ea, e1) = (ea, en) = 0, (ea, eb) = gab, (e1, en) = −1,
(22)
where the parentheses denote the scalar product of vectors in Tx(M) defined by
the quadratic form (15), and a, b = 2, . . . , n − 1. The last relation in (22) is a
result of an appropriate normalization of the vectors e1 and en.
With respect to the chosen moving frame, the fundamental form g of M can
be reduced to the expression
g = gabω
aωb − 2ω1ωn, a, b = 2, . . . , n− 1, (23)
and the quadratic form g˜ defining the conformal structure on V n−1 has the form
g˜ = gabω
aωb (24)
and is of signature (n−2, 0), that is, the form g˜ is positive definite. The isotropic
cone Cx is determined by the equation g = 0. Thus, the components gij of the
tensor g are the entries of the following matrix:
(gij) =
 0 0 −10 gab 0
−1 0 0
 . (25)
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Equations (20) and (25) imply that
θn1 = θ
1
n = 0, θ
1
1 + θ
n
n = 0,
θna = gabθ
b
1, θ
1
a = gabθ
b
n,
dgab − gacθcb − gcbθca = 0.
(26)
Since the vectors e1 and ea of the frame {e1, ea, en} of Tx(M) belong to
Tx(V
n−1), and the vector en does not belong to Tx(V
n−1), for x ∈ V n−1 we
have
dx = ω1e1 + ω
aea.
This means that our hypersurface V n−1 is defined by the following Pfaffian
equation:
ωn0 = 0, (27)
and the forms ω1 and ωa, a = 2, . . . , n − 1, are basis forms of the hypersurface
V n−1.
Taking exterior derivative of equation (27) by means of (16), we obtain the
exterior quadratic equation
ωa ∧ θna = 0.
Applying Cartan’s lemma to this equation, we find that
θna = λabω
b, λab = λba. (28)
It follows from equations (26) and (28) that
θa1 = g
abλbcω
b, (29)
where gab is the inverse tensor of the tensor gab.
An isotropic geodesic on the manifold M is a geodesic which is tangent to
the isotropic cone Cx at each of its points x. We will prove now the following
theorem:
Theorem 3 A lightlike hypersurface V n−1 ⊂ CO(n − 1, 1) carries a foliation
formed by isotropic geodesics.
Proof. Since the vectors e1 form an isotropic vector field on a hypersurface
V n−1, the equations of the isotropic foliation on V n−1 have the form
ωa = 0. (30)
Thus equation (2) is satisfied.
Let us prove that the curves belonging to this foliation are isotropic geodesics.
The isotropic geodesics on the conformal structure CO(n− 1, 1) are determined
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by equations (2) and (11). However, in Section 4 we changed the notations ωij
for θij . Thus equations (11) can be written as
dωi + ωjθij = αω
i, i, j = 1, . . . , n, (31)
where as before α is a 1-form, and d is the symbol of ordinary (not exterior)
differentiation. In our moving frame equations (31) take the form
dω1 + ω1θ11 + ω
aθ1a + ω
nθ1n = αω
1,
dωa + ω1θa1 + ω
bθab + ω
nθan = αω
a, a, b = 2, . . . , n− 1,
.dωn + ω1θn1 + ω
bθnb + ω
nθnn = αω
n.
(32)
But by means of equations (27) and (28), which are valid on V n−1, and equa-
tion (30) defining the isotropic foliation on V n−1, equations (32) are identically
satisfied.
Note that a similar result in another terminology is given in [DB 96], p. 86.
6. Isotropic geodesics on a manifold M endowed with CO(1, 3)-
structure. We now consider the pseudoconformal CO(1, 3)-structure. In a
pseudoorthonormal frame its fundamental form g becomes
g = −(ω1)2 − (ω2)2 − (ω3)2 + (ω4)2.
Transformations of the tangent subspace Tx(M) preserving the form g make up
the pseudoorthogonal group SO(1, 3) which is called the Lorentz group. The
isotropic cone Cx ⊂ Tx(M) which is determined by the equation g = 0 remains
invariant under transformations of the group G = SO(1, 3)×H where H is the
group of homotheties.
By means of the real transformation
ω1 + ω4√
2
→ ω1, −ω
1 + ω4√
2
→ ω4, ω2 → ω2, ω3 → ω3
the form g can be reduced to the form
g = 2ω1ω4 − (ω2)2 − (ω3)2.
It is easy to see now that the cone g = 0 carries real one-dimensional generators
(the straight lines ω1 = ω2 = ω3 = 0 and ω4 = ω2 = ω3 = 0 are examples of
such generators) but does not carry two-dimensional generators.
We complexify the tangent space Tx(M) by setting CTx(M) = Tx(M)⊗C.
Moreover, in CTx(M), we will consider only such transformations that preserve
its real subspace Tx(M) and the symmetry with respect to Tx(M).
Next, by means of the complex transformation
ω1 → ω1, ω
2 + iω3√
2
→ ω2, ω
2 − iω3√
2
→ ω3, ω4 → ω4,
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we reduce the quadratic form g to the form
g = 2(ω1ω4 − ω2ω3), (33)
where the 1-forms ω1 and ω4 are real, and the 1-forms ω2 and ω3 are complex
conjugate forms:
ω1 = ω1, ω4 = ω4, ω3 = ω2. (34)
It follows that the isotropic cone g = 0 carries two-dimensional complex conju-
gate plane generators.
A vectorial frame in the space CTx(M), in which the form g on the
CO(1, 3)-structure reduces to form (33), satisfies the conditions
e1 = e1, e4 = e4, e2 = e3. (35)
Such a frame is called a Newman-Penrose tetrad (see [NP 62] and [Ch 83], Ch.
1, §8). In such a frame the vectors e1 and e4 are real, and the vectors e2 and e3
are complex conjugate.
Equations
ω1 + λω3 = 0, ω2 + λω4 = 0 (36)
and
ω1 + µω2 = 0, ω3 + µω4 = 0 (37)
determine two families of two-dimensional complex plane generators of the com-
plexified cone Cx. On the CO(1, 3)-structure, the parameters λ and µ in equa-
tions (36) and (37) are complex coordinates on the projective lines CPα and
CPβ . These plane generators are, respectively, the α-planes and the β-planes
of the CO(1, 3)-structure. If in equations (36) we replace all quantities by their
conjugates, we obtain equations (37), where µ = λ. Thus there is a one-to-one
correspondence between α-planes and β-planes of these two families of plane
generators of the cone Cx, and this correspondence is determined by the condi-
tion µ = λ.
Since to each point x ∈ M of a real manifold M carrying a CO(1, 3)-struc-
ture there correspond two families of 2-planes, the family of α-planes and the
family of β-planes, determined by complex parameters λ and µ, two bundles,
Eα = (M,CPα) and Eβ = (M,CPβ), arise on M , and these two bundles
have the manifold M as their common base and the families of complex plane
generators of the cone Cx as their fibers. These bundles are called the isotropic
bundles of the CO(1, 3)-structure.
Since µ = λ, the isotropic bundles Eα = (M,CPα) and Eβ = (M,CPβ) are
complex conjugates: Eβ = Eα.
Two complex conjugate generators of the cone Cx determined by the param-
eters λ and µ = λ intersect one another along its real rectilinear generator. The
equation of this generator can be found from equations (36) and (37) provided
that µ = λ. Solving these equations, we find that
ω1 = λλω4, ω2 = −λω4, ω3 = −λω4.
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Hence the directional vector of the rectilinear generator can be written in the
form
ξ = λλe1 − λe2 − λe3 + e4. (38)
Since the basis vectors of the complexified space CTx satisfy relations (35), the
vector ξ is real. It depends on one complex parameter or two real parameters.
Equation (38) can be considered as the equation of the director two-dimensional
surface of the three-dimensional cone Cx in the real space Tx(M).
7. Structure equations of the CO (1, 3)-structure. In the adapted
frame only the following components of the tensor gij will be nonzero: g14 =
g41 = 1, g23 = g32 = −1. In view of this, equations (20) imply that the forms
θij satisfy the conditions
θ41 = θ
3
2 = θ
2
3 = θ
1
4 = 0,
θ42 = θ
3
1, θ
2
4 = θ
1
3 , θ
4
3 = θ
2
1 , θ
3
4 = θ
1
2,
θ11 + θ
4
4 = 0, θ
2
2 + θ
3
3 = 0.
(39)
Now equations (16) take the form
dω1 = (θ − θ11) ∧ ω1 + ω2 ∧ θ12 + ω3 ∧ θ13 ,
dω2 = (θ − θ22) ∧ ω2 + ω1 ∧ θ21 + ω4 ∧ θ13 ,
dω3 = (θ + θ22) ∧ ω3 + ω1 ∧ θ31 + ω4 ∧ θ12 ,
dω4 = (θ + θ11) ∧ ω4 + ω2 ∧ θ31 + ω3 ∧ θ21 .
(40)
By virtue of equations (39), among the forms θij only the forms θ
2
1 , θ
1
2, θ
3
1 , θ
1
3,
θ11 , and θ
2
2 are independent. If ω
i = 0, these forms together with the 1-form θ
are the invariant forms of a seven-parameter group G ⊂ GL(4) that preserves
the cone Cx determined by equations g = 0 where g is determined by equation
(33).
To write structure equations (18) for the CO(1, 3)-structure, we consider its
tensor of conformal curvature Cijkl. This tensor has 21 essential nonvanishing
components that satisfy 11 independent conditions (see [AG 96], Section 5.1):
C1234 − C1324 + C1423 = 0,
C1224 = C1334 = C1213 = C2434 = 0,
C1314 − C1323 = C1424 − C2324 = 0,
C1214 + C1223 = C1434 + C2334 = 0,
C1414 = C2323 = C1234 + C1324.
(41)
Hence the tensor Cijkl has 10 independent components in all. We denote
them as follows:{
C1212 = a0, C1214 = a1, C1234 = a2, C1434 = a3, C3434 = a4,
C1313 = b0, C1314 = b1, C1324 = b2, C1424 = b3, C2424 = b4.
(42)
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The remaining components of the tensor of conformal curvature Cijkl are ex-
pressible in terms of the above components (42).
Now we can write equations (17) and (18) for the CO(1, 3)-structure in more
detail. The former can be written as
dθ = ω1 ∧ θ1 + ω2 ∧ θ2 + ω3 ∧ θ3 + ω4 ∧ θ4, (43)
and by (39) and (42), the latter has the form
dθ11 = θ1 ∧ ω1 − θ4 ∧ ω4 + θ21 ∧ θ12 + θ31 ∧ θ13
−2[a1ω1 ∧ ω2 + a2(ω1 ∧ ω4 − ω2 ∧ ω3) + a3ω3 ∧ ω4
+b1ω
1 ∧ ω3 + b2(ω1 ∧ ω4 + ω2 ∧ ω3) + b3ω2 ∧ ω4],
(44)
dθ22 = θ2 ∧ ω2 − θ3 ∧ ω3 − θ21 ∧ θ12 + θ31 ∧ θ13
−2[a1ω1 ∧ ω2 + a2(ω1 ∧ ω4 + ω2 ∧ ω3) + a3ω3 ∧ ω4
−b1ω1 ∧ ω3 − b2(ω1 ∧ ω4 + ω2 ∧ ω3)− b3ω2 ∧ ω4],
(45)
dθ21 = θ1 ∧ ω2 + θ3 ∧ ω4 + (θ11 − θ22) ∧ θ21
+2[b0ω
1 ∧ ω3 + b1(ω1 ∧ ω4 + ω2 ∧ ω3) + b2ω2 ∧ ω4],
(46)
dθ12 = θ2 ∧ ω1 + θ4 ∧ ω3 + θ12 ∧ (θ11 − θ22)
−2[b2ω1 ∧ ω3 + b3(ω1 ∧ ω4 + ω2 ∧ ω3) + b4ω2 ∧ ω4],
(47)
dθ31 = θ1 ∧ ω3 + θ2 ∧ ω4 + (θ11 + θ22) ∧ θ31
+2[a0ω
1 ∧ ω2 + a1(ω1 ∧ ω4 − ω2 ∧ ω3) + a2ω3 ∧ ω4],
(48)
and
dθ13 = θ3 ∧ ω1 + θ4 ∧ ω2 + θ13 ∧ (θ11 + θ22)
−2[a2ω1 ∧ ω2 + a3(ω1 ∧ ω4 − ω2 ∧ ω3) + a4ω3 ∧ ω4].
(49)
It follows from equations (44) and (45) that
d(θ11 + θ
2
2) = 2θ
3
1 ∧ θ13 + θ1 ∧ ω1 + θ2 ∧ ω2 − θ3 ∧ ω3 − θ4 ∧ ω4
−4[a1ω1 ∧ ω2 + a2(ω1 ∧ ω4 − ω2 ∧ ω3) + a3ω3 ∧ ω4]
(50)
and
d(θ11 − θ22) = 2θ21 ∧ θ12 + θ1 ∧ ω1 − θ2 ∧ ω2 + θ3 ∧ ω3 − θ4 ∧ ω4
−4[b1ω1 ∧ ω3 + b2(ω1 ∧ ω4 + ω2 ∧ ω3) + b3ω2 ∧ ω4].
(51)
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Using notations (42), we will write now 10 differential equations that the
independent components of the tensor of conformal curvature Cijkl satisfy:
da0 + 2a0(θ − θ11 − θ22)− 4a1θ31 = a0iωi,
da1 + a1(2θ − θ11 − θ22)− a0θ13 − 3a2θ31 = a1iωi,
da2 + 2a2θ − 2a1θ13 − 2a3θ31 = a2iωi,
da3 + a3(2θ + θ
1
1 + θ
2
2)− 3a2θ13 − a4θ31 = a3iωi,
da4 + 2a4(θ + θ
1
1 + θ
2
2)− 4a3θ13 = a4iωi,
(52)

db0 + 2b0(θ − θ11 + θ22)− 4b1θ21 = b0iωi,
db1 + b1(2θ − θ11 + θ22)− b0θ12 − 3b2θ21 = b1iωi,
db2 + 2b2θ − 2b1θ12 − 2b3θ21 = b2iωi,
db3 + b3(2θ + θ
1
1 − θ22)− 3b2θ12 − b4θ21 = b3iωi,
db4 + 2b4(θ + θ
1
1 + θ
2
2)− 4b3θ12 = b4iωi.
(53)
We can see from (52) and (53) that when ωi = 0, the differentials of the com-
ponents au, u = 0, 1, 2, 3, 4, of the tensor of conformal curvature are expressible
only in terms of these components, and by the same token the same is true
for the components bu. In view of this, the tensor of conformal curvature of
the structure CO(1, 3) is decomposed into two subtensors Cα and Cβ with the
components au and bu, respectively.
Equations (46)–(51) allow us to establish a geometric meaning of the subten-
sors Cα and Cβ of the tensor of conformal curvature of the CO(1, 3)-structure.
The quantities au are the components of the curvature tensor of the fiber bundle
Eα formed by the first family of plane generators of the cones Cx, while the
quantities bu are the components of the curvature tensor of the fiber bundle Eβ
formed by the second family of plane generators of the cones Cx.
For the CO(1, 3)-structure not all quantities occurring in equations (39),
(40), and (41)–(49) are real. In particular, as we noted earlier, the basis forms
ωi satisfy the equations (34).
The forms θij occurring in equations (40) are invariant forms of a complex
representation of the real six-parameter Lorentz group SO(1, 3) that leaves in-
variant the cone Cx determined by the equation g = 0 in the tangent space
Tx(M). The form θ is real, θ = θ, since this form is an invariant form of the
one-parameter groupH of real homotheties which also leaves invariant the cone
Cx.
The following theorem is valid (see [AZ 95], Theorem 1):
Theorem 4 On the CO(1, 3)-structure, the complex forms θij occurring in equa-
tions (40) satisfy the following relations:
θ
1
1 = θ
1
1, θ
2
2 = −θ22, θ
3
1 = θ
2
1, θ
1
3 = θ
1
2 ; (54)
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the forms θi satisfy the relations
θ1 = θ1, θ2 = θ3, θ3 = θ2, θ4 = θ4; (55)
and the components au and bu, u = 0, 1, 2, 3, 4, of the curvature tensors Cα
and Cβ of the isotropic fiber bundles Eα and Eβ satisfy the relations
bu = au. (56)
Let us state some consequences of relations (54)–(56) occurring in Theorem
4.
Equations (54) show that the complex forms θij occurring in them are ex-
pressed in terms of precisely six linearly independent real forms. This number is
equal to the number of parameters on which the Lorentz group depends. These
six forms are real invariant forms of the group SO(1, 3).
Equations (55) show that among the forms θi there are two real forms and
two complex conjugate forms, and all four forms θi are expressed in terms of
four linearly independent real forms.
Finally, equations (56) show that the curvature tensors Cα and Cβ of the
isotropic fiber bundles Eα and Eβ of the CO(1, 3)-structure are complex conju-
gates: Cβ = Cα. This matches the fact that the isotropic fiber bundles Eα and
Eβ of the CO(1, 3)-structure are complex conjugates themselves: Eβ = Eα.
It follows that if one of the tensors Cα or Cβ of the CO(1, 3)-structure
vanishes, the other one vanishes too. This implies that the CO(1, 3)-structure
cannot be conformally semiflat without being conformally flat.
8. Geometric meaning of the curvature tensor. We will now establish
a geometric meaning of the subtensors Cα and Cβ of the curvature tensor of the
CO(1, 3)-structure. Let ξ = ξiei, and let η = η
iei be two vectors in the tangent
space Tx(M), and ξ ∧ η be the bivector defined by these two vectors. Consider
two bilinear forms associated with this bivector:
C(ξ ∧ η) = Cijklξiηjξkηl = Cijklξ[iηj]ξ[kηl]
and
g(ξ ∧ η) = (gikgjl − gilgjk)ξiηjξkηl = (gikgjl − gilgjk)ξ[iηj]ξ[kηl].
Their ratio
K(ξ ∧ η) = C(ξ ∧ η)
g(ξ ∧ η)
is the conformal curvature of the bivector which is called the conformal sectional
curvature.
Since α-planes and β-planes are isotropic bivectors, for them we have
g(ξ ∧ η) = 0, and thus the expression K(ξ ∧ η) does not make sense for them.
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Therefore we will consider for them only the numerator C(ξ ∧ η) of this expres-
sion and will call it the relative conformal curvature of two-dimensional isotropic
direction.
Let us denote the bivector ξ ∧ η by p: p = ξ ∧ η, and compute C(p) taking
into account equations (41) and (42):
1
4
C(p) = a0(p
12)2 + 2a1p
12(p14 − p23) + a2[2p12p34 + (p14 − p23)2]
+2a3p
34(p14 − p23) + a4(p34)2
+b0(p
13)2 + 2b1p
13(p14 + p23) + b2[−2p13p42 + (p14 + p23)2]
−2b3p42(p14 + p23) + b4(p42)2.
(57)
By (36), the α-plane α(λ) is determined by the vectors
ξλ = e3 − λe1 and ηλ = e4 − λe2.
Hence the coordinates of the bivector pλ = ξλ ∧ ηλ are the minors of the matrix( −λ 0 1 0
0 −λ 0 1
)
;
they are
p12 = λ2, p13 = 0, p14 = −λ, p23 = λ, p34 = 1, p42 = 0.
Substituting these expressions into equations (57), we find that
1
4
C(pλ) = a0λ
4 − 4a1λ3 + 6a2λ2 − 4a3λ+ a4 := Cα(λ). (58)
In exactly the same way, by virtue of (37), the β-plane β(µ) is determined
by the vectors
ξµ = e2 − µe1 and ηµ = e4 − µe3.
This implies that the coordinates of the bivector pµ = ξµ ∧ ηµ are
p12 = 0, p13 = µ2, p14 = −µ, p23 = −µ p34 = 0, p42 = −1,
and the following formula holds:
1
4
C(pµ) = b0µ
4 − 4b1µ3 + 6b2µ2 − 4b3µ+ b4 := Cβ(µ). (59)
Thus the components of the subtensors Cα and Cβ of the tensor of conformal
curvature of a CO(1, 3)-structure are the coefficients of the polynomials Cα(λ)
and Cβ(µ), by means of which we can evaluate the relative curvature of the
α-planes α(λ) and β-planes β(λ), respectively.
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Those isotropic 2-planes of the structure CO(1, 3) for which Cα(λ) = 0 or
Cβ(µ) = 0 are called the principal α-planes or principal β-planes of the isotropic
bundles Eα and Eβ , respectively. Since polynomials (58) and (59) are of the
fourth degree, it follows that, in general, the isotropic cone Cx carries four
principal α-planes and the same quantity of principal β-planes if we count each
of these planes as many times as its multiplicity.
By (58) and (59), the equations defining the parameters λ and µ of the
principal 2-planes of the CO(1, 3)-structure have the form{
a0λ
4 − 4a1λ3 + 6a2λ2 − 4a3λ+ a4 = 0,
b0µ
4 − 4b1µ3 + 6b2µ2 − 4b3µ+ b4 = 0.
(60)
Since by (56) the coefficients of these equations are complex conjugate, their
solutions λp and µp, p = 1, 2, 3, 4, are also complex conjugate, µp = λp. But as
we have proved in Section 6, the intersection of two complex conjugate 2-planes
of the CO(1, 3)-structure is a real generator of the cone Cx. The latter generator
is determined by the vector
ξp = λpλpe1 − λpe2 − λpe3 + e4. (61)
Thus there arise real fields of principal directions on the manifold M .
Now we will prove the following result:
Theorem 5 The integral curves of each of four fields of principal isotropic
directions on a manifold M endowed with a CO(1, 3)-structure are isotropic
geodesics of the manifold M .
Proof. As we noted in Sections 1 and 2, the isotropic geodesics on a manifold
M endowed with a CO(1, 3)-structure are determined by equations (2) and (11).
But by (38), in a specialized frame associated with a CO(1, 3)-structure the
coordinates of isotropic vectors have the form
ξ1 = λλ, ξ2 = −λ, ξ3 = −λ, ξ4 = 1. (62)
As a result, equations (11) take the form
d(λλ)− λθ12 − λθ13 = λλ(α− θ11),
−dλ+ λλθ21 + θ13 = −λ(α− θ22),
−dλ+ λλθ31 + θ12 = −λ(α+ θ22),
−λθ31 − λθ21 = α+ θ11 .
(63)
By relations (54), which the forms θij of the CO(1, 3)-structure satisfy, only
two of equations (63), for example, the second and the fourth, are independent.
Excluding the 1-form α from these equations, we find that
dλ+ λ(θ11 + θ
2
2)− θ13 + λ2θ31 = 0. (64)
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Taking exterior derivative of this equation by means of (64) and (48)–(50), we
will arrive again to equations (60). Moreover, the parameters λp, determining
the vectors ξp in equation (73), satisfy equation (64) since for λ = λp equations
(60) become identities. This means that the integral curves of the vector fields
ξp are isotropic geodesics of the manifold M .
Note also that the integral curves of the principal isotropic directions of the
CO(1, 3)-structure form isotropic geodesic congruences on the manifold M . In
general, the manifold M carries four such congruences.
9. Classification of the Einstein spaces. For the CO(1, 3)-structure,
equations (60), which by (34) are complex conjugates of one another, are con-
nected with A. Z. Petrov’s classification of Einstein spaces.
We remind that an Einstein space is a four-dimensional pseudo-Riemannian
manifold of signature (1, 3) whose curvature tensor Rijkl satisfies the condition
Rjk − 1
2
gjkR = −8piG
c4
Tjk, (65)
where Rjk = R
i
jki is the Ricci tensor, R = g
jkRjk is the scalar curvature
of the Riemannian manifold, Tjk is the energy-momentum tensor, G is the
gravitational constant, and c is the speed of light. Equation (65) is called the
Einstein equation.
In empty space, that is, in a region of space-time in which Tij = 0, the
Einstein equation can be reduced to the form
Rij = 0.
This implies that the curvature tensor of this space coincides with its Weyl
tensor: Rijkl = C
i
jkl. This follows from the expression of the tensor C
i
jkl in
terms of Rijkl, Rjk, and R (see [AG 96], Section 4.2).
The classification of Einstein spaces is connected with the structure of its
tensor of conformal curvature. Hence this classification is of a conformal nature.
This classification was first constructed by Petrov in [Pe 54] (see also [Pi 57]).
To give a geometric characterization of Einstein spaces of different types, we
will also apply the principal isotropic congruences on the manifolds endowed
with a CO(1, 3)-structure.
Since for the CO(1, 3)-structure, equations (60) determining the principal
isotropic vector fields ξp are complex conjugates, for classification of Einstein
spaces it is sufficient to consider only one of these equations, for example, the
first one. By means of this equation, this classification can be conducted as
follows:
1. Type I of Petrov (we use the Penrose notation for types; see [Ch 83], Ch. 1,
§9, or [PR 86], Ch. 8) is characterized by the fact that all roots of equation
(60) are distinct. As a result, every isotropic cone Cx carries four distinct
principal directions, and the manifold M carries four principal isotropic
congruences.
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2. Type II of Petrov is characterized by the fact that equation (60) has one
double root and two simple roots. As a result, every isotropic cone Cx
carries three principal directions, one of which is double, and the manifold
M carries three principal isotropic congruences, one of which is double.
3. Type D of Petrov is characterized by the fact that equation (60) has two
distinct double roots. Hence every isotropic cone Cx carries two dou-
ble principal directions, and the manifold M carries two double principal
isotropic congruences.
4. Type III of Petrov is characterized by the fact that equation (60) has one
triple root and one simple root. As a result, every isotropic cone Cx carries
two principal directions, one of which is triple, and the manifoldM carries
two principal isotropic congruences, one of which is triple.
5. TypeN of Petrov is characterized by the fact that all four roots of equation
(60) coincide. Hence every isotropic cone Cx carries a quadruple princi-
pal direction, and the manifold M carries a quadruple principal isotropic
congruence.
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